AIAA JOURNAL
Vol. 46, No. 5, May 2008

Technical Notes

TECHNICAL NOTES are short manuscripts describing new developments or important results of a preliminary nature. These Notes should not exceed 2500
words (where a figure or table counts as 200 words). Following informal review by the Editors, they may be published within a few months of the date of receipt.
Style requirements are the same as for regular contributions (see inside back cover).

Stability of Quasi-One-Dimensional
Isentropic Flows

Dilip Prasad*
Pratt and Whitney,
United Technologies Corporation,
East Hartford, Connecticut 06108

DOI: 10.2514/1.36486

I. Introduction

HE stability of complex fluid systems can often be estimated to

the first order using one-dimensional models, as illustrated by
Dowling [1], who describes several model problems related to the
prediction of combustion instabilities in gas turbines and rocket
engines. A numerical method using a frequency-domain approach
similar to that of [1] was recently developed by Prasad and Feng [2]
to study the stability of spatially varying one-dimensional flows. In
applying this model to several basic flow configurations [3], it was
found that isentropic accelerating mean flows tend to be more stable
than diffusing ones and, further, that the inlet and exit boundary
conditions have an effect on system stability. This interesting
behavior appears to have gone essentially unnoticed in the past, and
we seek to explore it in more detail here. A semi-analytical
asymptotic approach is employed, which enables solutions to be
developed in a form that provides insight into the stability behavior.
Specifically, the mean diffusion, as measured by a parameter
involving the inlet and exit Mach numbers, is found to play a role in
this regard. Moreover, the magnitudes of the acoustic reflection
coefficients at the inlet and exit boundaries influence the stability of
the flow, whereas the phases of these coefficients have a bearing on
the natural frequencies of the system eigenmodes. The forms of the
expressions for the eigenvalues are shown to lend themselves to a
simple physical explanation for the growth rates and frequencies.

II. Model Development and Interpretation

The model employed here is that used by Prasad [4] in a somewhat
different context. Specifically, we consider the isentropic flow of an
ideal gas with specific heat ratio y in the region 0 < x </, so that
governing equations can be written as
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where = %(y — 1), u is the flow velocity, a is the sonic speed, and
A = A(x) is the channel cross-sectional area. DefiningQ = [u  a I
and assuming small perturbations of the form Q' = Qe about a
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steady mean flow Q, we obtain the linearized equations
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and | is the identity matrix. The quantity = o, + iw; in Eq. (1) is
complex, so that the system is stable if w; > 0. Next, we assume that
the perturbations of interest are such that their length scales are much
smaller than those of the mean flow. In particular, defining ¢ < 1 to
be the ratio of the disturbance and background flow length scales, we
introduce the small-scale coordinate £ = x/e. Because, on the scale
of the perturbation, the mean flow is nearly uniform, we may write
Q.

w= - +ix + O(e) (2a)
where both 2 and « are real and O(1). The disturbance field is now
described using a multiple-scales perturbation expansion of the form

Q=Qy&») +€Q) + O
Substitution of Egs. (2a) and (2b) into Eq. (1) yields at O(1/¢)

(2b)
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Following the procedure described in [4], the solution to this system

is given by

Qo= x: () eXp(—iQ / Ay d&) v,

+ x_(x)exp (—iQ /A_ d‘;’) w_ 4)
where A, = (i & a)~! are the eigenvaluesof B~!, W, =[1 *B]"
are the corresponding eigenvectors, and x . (x) are functions of x
which remain to be determined. The form of the right-hand side of
Eq. (4) shows that the perturbation is composed of waves traveling at
the local speed of sound along and against the direction of the mean
flow. In what follows, these disturbances will be referred to as being
of the forward- or backward-propagating type. We note that the
expressions on the right-hand side of Eq. (4) become singular if the
mean flow velocity approaches the sonic state, # — a. However, we
will restrict ourselves in the present study to subsonic flows in which
the Mach number differs sufficiently from unity, so that this issue is
not of concern.
Proceeding now to O(1), we have from Eqgs. (1), (2a), and (2b)

& +iQB_lQ1 :_[&"_ B_IGQO_QQ()} (5)
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The right-hand side of Eq. (5) contains secular terms, which would

result in a particular solution of the form Ql ~ EQO This implies that

€Q, = 0(1), resulting in a breakdown of the perturbation expansion
in Eq. (2b). Suppression of the resonant terms on the right-hand side
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of Eq. (3) is therefore required [4], which yields
d
% + A (PLGY, —a)x. =0

where @ = %[ 1 £B7"]. The solutions to the preceding evolution

equations for x, can be immediately written as
xe=%xA, exp[a/ki dx — /(QQG\I/i))\i dx] (6)

where A, are the amplitudes of the forward- and backward-traveling
waves, which we will assume are specified at x =0 and x =/,
respectively. The second integral on the right-hand side of Eq. (6) can
be determined in closed form by making use of the conservation
properties of the background flow, as shown in [4]. Upon making use
of these results and reverting to the unscaled variables, we then
obtain, correct to O(1),

i=AF,(x) exp(—iw /XM dx)
0

—A_F_(x) exp(—iw /x A d.x) (7a)
I
% =A F, (x) exp(—iw Ax Ay dx)
+A_F_(x)exp (—ia) / A dx) (7b)
I

where the amplitude modulation functions F,(x) are defined
according to

M(x)i|%1 + M(0)
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in which M = i/ a is the Mach number of the mean flow.

The boundary conditions needed to complete the definition of the
eigenproblem are general impedance boundary conditions relating
the pressure perturbation p to the velocity perturbation . Making
use of the relation Bp = (p a)a, we have

a(0) = —pZou(0);  a(l) = pZu(l) ©)

where Z, and Z; represent the inlet and exit acoustic impedances,
which are functions of ,, in general. Following standard acoustics
practice (see, for example, [5]), we will find it useful in the ensuing
development to make use of the complex reflection coefficient R,
which is related to the impedance by

Z—-1

R =|R|exp(if) = 711

When the acoustic resistance is positive [Re(Z) > 0], as is the case for
a dissipative element, it follows from the preceding definition that
|R| < 1. Next, making use of Egs. (7-9), we obtain

1+ M©O)[1—M(l)
- M(O)] [1 + M(l)]

exp(ior) = ROR,[ (10)

where we have defined
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in which a) is the stagnation speed of sound. The imaginary part of
Eq. (10) yields

w,T — [90(60,,) + el(wr)] =2nmw (11)

where n takes on integer values. Turning next to the real part of
Eq. (10), we obtain

1 1
Im (w) = _;()“D_;E"HRO(C‘)I‘)HRI(wr)'} (12a)

where

T+ MO = M)
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is a parameter that quantifies the overall diffusion across the device.
Equations (11) and (12) are the central result of the present study, and
their implications are examined next.

It is apparent from Eq. (12b) that D < 1 when M(0) S M(]).
Hence, the first term on the right-hand side of Eq. (12a) is positive in
accelerating flows and negative in diffusing ones, showing the
tendency of the latter toward instability. However, it is evident from
the presence of the second term on the right-hand side of Eq. (12a)
that the flow diffusion alone does not determine the stability of the
system. In particular, dissipative boundaries, for which |R| < 1, as
we have observed previously, tend to provide a stabilizing influence,
as one might expect on a physical basis. We also note that when the
inlet or exit impedance is unity, Eq. (12a) implies that the damping
rate is undefined. In this case, the boundary is nonreflecting and the
system cannot support any modes, as was pointed out in [2].

The forms of the expressions in Egs. (11) and (12a) can be
understood in physical terms, as we now illustrate. Consider a
disturbance of unit amplitude and frequency f placed just
downstream of the inflow boundary at x = 0+. The amplitude of the
wave generated by this source changes according to Eq. (7) and the
first of Eq. (8) as it propagates downstream. The time of flight 7, of
this downstream-propagating wave from x = 0+ to the outflow
boundary at x = [ is

I dx

o a+ i

Ly

so that its phase at the downstream boundary relative to the source is
—2rxft, . Similarly, it follows from Eq. (8), that the wave amplitude
atx =1[1is

M) 1 + M(0)

M©O)| 1+ M)
At x = [, the disturbance is reflected, undergoing a phase change of
6, and an amplification of |R;|. The reflected wave travels upstream,
and the time for it to traverse the flow path is
0 dx

; u—a

=

During this process, the phase of the wave increases by —2nft_, and
its amplitude grows by a factor of

MO)]z 1 —M()
Bmﬂl—M@

At the inflow boundary, the upstream propagating wave is again
reflected, causing phase and amplitude changes of 6, and |R,|,
respectively. The total time of flight of the disturbance is
t, +t_=t. The overall phase change is therefore
—2xft + 6, + 0,. For oscillations to be sustained, the overall phase
change must be an integer multiple of 27, a requirement that leads to
Eq. (11). During the total flight time , it follows from the preceding
arguments that the amplitude increases by a factor of

1+ M©O)[1 - M)
1+ M(l)] [1 - M(O)j|

mm&{

which is exactly the same result that would be obtained using Eq. (12)
for the growth rate. The reason that the disturbance amplitude
undergoes an overall change is that its growth or decay during
forward propagation is not compensated for by a corresponding
attenuation or amplification when it propagates backward, because
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Fig. 1 Comparison of theoretical eigenvalues (squares) with numerical

results (circles).

the mean flow performs work on the two types of disturbances
differently.

III. Conclusions

In this paper, we have developed an asymptotic model to examine
the stability of nonuniform one-dimensional flows in the small-
wavelength limit. By taking advantage of the separation of length
scales between the mean flow and perturbation, expressions were
derived for the system natural frequencies and damping rates. These
expressions clearly bring out the influences of the mean diffusion and
boundary impedances on the system stability. Moreover, they were

shown to lend themselves to a physical explanation for the behavior
of the eigenvalues.

It is of interest to compare the asymptotic results with those
obtained by numerical solution of Eq. (1). A convenient problem to
examine for this purpose is one studied in [3], which considered a
diffusing flow with linear variation of M between 0.5 and 0.1, and
pressure release conditions at x = 0, /. Their eigenvalues, together
with the asymptotic estimates, are shown in Fig. 1. The frequencies
obtained by the two methods are in very good agreement, although
the damping rates exhibit some differences at small mode orders.
However, we note that, for this problem, the asymptotic theory still
provides a good estimate of the damping rate for the low-order
modes.
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